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Abstract. Weassociatean algebraiccurveto arational triangular billiard andstudy
someofitsproperties.

1. RichensandBerry [1] havecoinedthewordpseudo-integrablefor thoseHamilto-
niansystemswith N degreesoffreedomsuchthatphasespaceisfoliatedby N-dimen-

sionalcompactmanifolds which are nottopologically tori. The simplestexampleis
given by the free motion of a particleelasticallyreflectedby thewalls of a compact

domain in theplaneboundedby finitely many straightlines malting angleswhich are
rationalin unitsof ir. We will considerhere triangles,henceforthcalledrationaltrian-
gles. The propertiesof theclassicalmotion in suchtriangleshavebeenthe subjectof
numerousworkswhichcanpartly be tracedfrom reference[2].

Our interestis primarily in the correspondingquantumproblem,namelyto find the

spectrumof(minus)theLaplaceoperatorwithDirichietboundaryconditions. In collab-
orationwith J.M. Luck and P. Moussa[3] oneof the authorshaswritten sumrulesfor
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powersof the inverseeigenvalues.On the otherhandM. Gaudin[4] has developeda
methodwhichwould alsogive accessto theeigenfunctions.

The presentnoteis only devotedto a minoraspectof theproblem,namelywe want
to showthat sucha rationaltriangleis <<canonically>>associatedto analgebraiccurveup
to birational equivalence(the naturalmodel possessessingularities). Thiscurvehas in

generala large groupof analyticautomorphisms.The correspondingRiemannsurface

is pavedby a finite numberof equivalenttriangles. Converselythis curve of genus g
allowsusto definea correspondencebetweeng rationaltriangles(wecall them associ-

ated)usingaprivilegedbasisin thespaceof holomorphicdifferentials.Thissuggeststhe
(wild) speculationthat this correspondencecouldextendto algebraicrelationsbetween

appropriatespectralquantities.
As thefollowing discussionwill demonstrate,wehaveno claimsat beingexpertsin

algebraicgeometry. We arethereforenotsurethatour terminologyis quitecorrectnor
thatour observationshavenotalreadybeenreportedelswhere.In preparingthisnote we

havebenefitedfrom manydiscussionswith J. Lascouxand J.M. Luck. Wethank them
warmlyhere.

2. Whena particlebounceselasticallyat theboundaryof thebiliard, its perpendic-

ularvelocitychangessign(weexcludesingulartrajectorieswhichhit thecorners).The

triangularbilliard is characterizedby its angles9~.,(i taking values0, 1, oo) which
are rationalin units of it, so that for pairsof coprimepositive integersp~,q~,with

q~>0,wehave

(1) O
1=ir~, (p11q)l, ~

q0 q1 q00

Let Q denotethe lowestcommonmultiple of q0,q1,q~(in fact of any pair). The

velocity of theparticlecantakeat most 2 Q values(of equallength). Let thedihedral
group D2Q generatedby thereflectionsin two linesatangle rr/Q actonthehodograph
(thecircle S1 describingthedirectionsof thevelocity). Thephasespaceis thenfoliated

by closedsurfacesmadeof 2 Q copiesof theoriginaltrianglegluedalongtheir common
sidesaccordingtotheactionof thisgroup.Thiscompact(orientable)surfaceistherefore
pavedby n2 = 2Q triangles(whichcouldalternativelybepaintedin two colors)having
in common n1 = 3Q sides. Moreoveraccordingto a reasoningdueto Riemannand

Hurwitzeachvertex(i) of theoriginaltriangleistheprojectionof Q/q1 distinctvertices
onthissurface.TheEulercharacteristicx andthegenusg arethereforerelatedto these

numbersthrough

IQ(2) x 2 —2g = —n1 +n2 ~— ; — Q = [__(1 —p~)
\.~ .~, ~

By extensionwe alsocall g thegenusof the triangle. Theconditionof integrability

x = 0 or g = 1 , correspondingto atorus,isthereforethatthenumeratorp~of theirre-
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duciblefractionsbe equalto one. Thereexistonly threesolutionsin one to onecorre-

spondencewith thesimpleLie algebras(over (t ) ofrank2,denotedA2,B2 C2 and

C2 [5]. Up to scale,the triangleis thena fundamentaldomainfor the inhomogeneous
Weyl groupor Coxetergroupassociatedtothe charactersof thecorrespondingcompact

Lie group andthe spectrumis given in termsof the quadraticCasimirinvariant [6]. In
someloose sensethestudy of rationaltrianglesappearsas a hyperbolicgeneralisation
of thisintegrablecase.

3. It is convenientto replacethe threepairs of integersp2,q1 by threeintegersP1
with no commonfactorsuchthat

(1) P0~~j~Peo=Qp1/q1=P,/Q £~=(P~,Q)=P~/p,sQ/q~

Welabelthenthetriangleby {P0 , P1 , ~eo}~ Up to orderingof theverticesweshow
in thefollowingtablethe first few trianglesclassifiedaccordingto genus(up to g = 5)

PoP1 Fe.,, P0 P1 P,,,, P0 P1 P0,,

g_1 1 1 1 A2 g=4 4 4 4 g5 4 4 3
2 1 1 B2 5 2 2 5 3 2
3 2 1 C2 7 1 1 5 4 2

433 551
631 632

g=2 2 2 1 7 2 1 6 4 1
311 811 722
411 732 731
431 741 821
532 921 911
541 654 552

7 5 3 10 1 1
951 852

9=3 3 2 2 10 3 2 10 4 1
3 3 1 8 5 3 10 7 3
4 2 1 8 7 1 10 9 1
5 1 1 9 5 4 11 6 5
3 3 2 9 7 2 11 7 4
5 2 1 9 8 1 11 8 3
6 1 1 11 9 2
432 11101
531
621
543
651
831
743
752
761
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Observethat

LEMMA. Theinteger Q = P0 + P1 + Pr,,, andthegenus g satisfythe inequalities

(2)
2g+1<Q<2(2g+l)

The first inequalityfollows from thedefinitionof g written in theform

(3) Q=2g+l+>(E~—1)

with L. = (Q,P
1) . ItisonlysaturedwhenallL~= 1, sothatQ isodd andonecan

takeas anexamplethetriangle {l,g,g}.

To provethe secondinequality,weobservethat thethreeintegersL~= (Q, P1) are
withoutcommonfactorssincethethree P~‘s are.Foreachprime p thereexistsatleast

one L~prime to p and thereforea pair Q, q1 = Q/L1 which admits the samepower
of p as divisor. This samepowerof p dividesthe product qJqk sinceit dividesthe
lowestcommunmultiple Q of thepair q1,q~.ThereforeQ

2 divides q
0 q1q~.As a

consequence

Q � . =
q0 q1 q00

Let us orderthe threeintegersLi, for instance10 � L~� L0~.Set q0 = Q/p0 =

m � 2 . TheaboveinequalityreadsLiLeo < m therefore L1 + L~ < m + 1 . Conse-

quently

+ L~+ L~< + m + 1

for m a divisorof Q largeror equalto 2. If m = Q wehave L~= L~= L~and we
recoverthelowerbound. Letus thereforeassume2 <m < Q/2 . In this interval the

function ~.+m+i assumesitsmaximumQ/2+3 atbothends,and L0+L1+L~<

or equivalently >(L~— 1) < Q/2 . Insertingthis in equation(3) yieldsthe second
inequalityof the lemma. It canonly be saturedfor Q even,in which casean example

isthetriangle{l,
2g,2g+ l}.

It follows thatthenumberN
9 oftriangles(up topermutationsofvertices)of agiven

genusis finite. It would beeasyto obtainupperboundson N9. We wereunableto find

a simpleclosedexpressionfor this quantity.

4. In reference[3] weusedtheobservationthat theSchwarzconformalone-to-one
mapfrom anytriangleto theupperhalfplaneenablesoneto obtaintheGreenfunctionfor
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theDirichlet problemin thetriangle. Herewestudythis mapin moredetail for rational

triangles. It appliestheboundaryof thetriangleon therealaxisand the threevertices
onthepoints 0, 1,oo, for instance(hencethe labeling). Up to translation,rotation,or
rescaling,wewrite

— dx’
(I) t — Jo x’1~’o/~(l—

where t is a complexcoordinatein theplaneof thetriangle, and x is inthehalfplane
Ira x > 0. The contourof integrationjoins 0 to x in this halfplane,and for defi-
nitenesstheintegrandtendsto apositiverealvalueas x tendsto a pointin thesegment
(0, 1) . The scaleis thereforefixed by thelengthof theside

(2) It
1 —t0~= ~,, Q

~

Theareaof thetriangleis

2~()r(~±~)r (&~)~
According toformula(1) thederivative

(4)

is relatedto z by the algebraicequation

(5) yQ_XPI+P..O(l x)P~~~+Po

canonicallyassociatedto the triangleup to permutationsof its vertices. Thelatter are
generatedby thetransformations

0~-÷1 (x,y)—~(l—z,y)
(6) F’

1 sw(1—.~-) —2O-soo (z,y)—~(x ,e “ yx )

thesquareof which areautomorphismsof thecurve. It is readilycheckedthatthecurve
(5) has a genusgivenby thesameformula(2-2) and that the correspondingconnected
Riemaimsurfacecanbeconsideredaspavedby 2 Q triangles,eachonethepre-image

of theupperor lowerhalf x-plane (with thepoints 0, 1, co, marked).
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Conversely,givenanirreduciblecurve suchas = i~o(1 — it) S
1 with Q, S0,

positive integerswithoutcommonfactor, provided P0 = Q — S0 , P1 = Q — S~and
P~= S0 + S1 — Q are all positiveintegers,it definesa correspondingtriangleand y

and it allow oneto obtain d t as d x/y.
Eachpoint it = 0, 1,00 , is asingularpointof thecurvein thevicinity of whichone

canintroducearegularizingparameteru0, u1 u,,0 suchthat foreachof the L~families
of q1 = Q/E, sheets,onehas(with p1 =

(0) y ~co_Po it

(7) (1) y u~’ (1 — it) u~’

(2) y,~e51r@t)u_~~°ex’~u~°°

It follows that it and v are meromorphicfunctionson the Riemannsurface. The

differential

(8) W~) = dt =

is obviously regular at eachpair (it, y) satisfying(5) suchthat it is differentfrom
0, 1,00. At thesepointsoneeasily verifiesusing(7)that it continuestoberegularsince

(0) W~) ‘fl’.’ qou~0 du0

(9) (1) ~1)(1)

—1

(oo) W(~) “~ —q~e “ u~ du,~,,
ThedifferentialW( 1) canonly vanishatthepre-imagesof it = 0, 1, 00, andin these

pointsit vanisheswith multiplicitiesp0 — 1, p1 — 1 andp~— 1 respectively,
its total numperof zeroesis therefore~L1(p~ —1) =

2(g —1),aparticularcaseof a

generaltheorem.

5. Whenthegenusisunity, theholomorphicdifferentialW( 1) is uniqueupto afactor

andthe correspondingabelianintegral,the variable t, plays therole of uniformizing
parameter.The complex t-plane is the universalcoveringspaceof the surface. The
correspondencebetweenintegrabletrianglesand elliptic curvesreads

(a) {1,1,1} y3 = [x(l — it)]2 modulus T= e2uhu/3

(10) (b) {1,1,2} y4 = [x(l —it)]3 ‘r= e2”4

(a) {l,2,3} y6 = x5(l — z)~ r= e2~~n/6-‘.~e~”3
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Onecouldeasilyexpressit and y asdoublyperiodicmeromorphicfunctionsof t.
Of coursethesecurvescanbe desingularized.Forinstance,under

it(l—x) 1—Y 1—Y
2

(11) X= Y.l—2z ~ 2 4X

thefirst takesthecanonicalform

(12) (a) Y2+ 4X3 = 1

thesecond

(13) (b) Y2+4X4=l

Forthe third curvewe write

_______ it2(1—it)2 1

(14) ~= x2(l—x) it=~
2T V

suchthat

(15) (c) Y
2=X3+l

whichup to scale(X —* —22/3X) agreeswith thefirst.
Whenthegenusg is higherthanone,aRiemannsurfaceadmits g linearlyindepen-

dentholomorphicdifferentials(Abeliandifferentialsof first kind). Forthe curve (4.5)
W( 1) is oneof them.It is interestingto seewhetheronecanchoosea basisof suchdif-

ferentialsin sucha way that their integralsmap the upperhalf plane Im it > 0 on a
rationaltriangle. Weshallcall suchtrianglesassociates.

6. Let therefore P
0, P1 , P~, bepositive integerswith no commonfactor. We set

Q = P0+ P1+P~andcall Y thecorrespondingtrianglewithcorrespondingirreducible
curve (4.5) . It will sometimesbeconvenienttolabela triangleby threeintegershaving
a commonfactor, in which casethe integers P1 will be understoodafter division by
this factor. To definethe associates,we considerfor an integer-v the threeintegers

vP0 , v.P1 , vP,,0 , and taketheir representativesmodulo Q. Morepreciselywewrite

(1) 0 <p(v) <Q —1 p(v) E vP,modQ

Among the Q — I values1 <v <Q — 1 , wecall admissiblethosefor which

(2) p(v)>~ p(v)~p(v)~p(v)Q

which meansof coursethat P~,p~ arid p~) definea triangle T~ with angles

itP~t~/Q.Thus y(l) = T and for v admissibley(v) is an associatetriangle. Note
thatit is not garanteedthat the ~ haveno commonfactor.
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PROPOSITION1. Thenumherofadmissiblevaluesof v ,hencethenumberofassociates

ofa t.riangle T ofgenusg , is preciselyg.

Thestepsin theproofare asfollows.

(i) Two distinctvaluesof v in theinterval [1, Q — 1] cannotleadto thesametri-
(v-) (v-) (v-)

anglein thesensethat v
1 ~ v2 yield two distinctorderedtnplets {P0 ‘ , P~‘ , P,,~’}.

Indeedif v2 > v1 for instance,then v2 — 01 <Q — 2 . If thetripletswereidentical we
shouldhave (02 — v1)P~= k~Q,thus P~/Q= k1/(v2 — v1) incontradictionwiththe

factthat Q isthe lowest commondenominatorof the fractionsP~/Qand 02 — v1 is
smallerthan Q. Two suchdistinctorderedtriplets whichboth add to Q cannotobvi-
ouslybe(distinct)multiplesof a samereducedorderedtriplet withoutcommonfactor.

(ii) Bothoftheintegersv and Q — v inthe range [l,Q —1] cannotbesimul-

taneouslyadmissible.Foreachvalue i,P~ and P~”~ areeitherbothzero or both
nonzero.If all P~ arepositive(andsmallerthan Q ) soareall ~ = Q — p(V)

Thus

(3) (p~Q_v)+ p1(Q_v) + p~0Q~))+ (pp) + p~)+ p,~))= 3Q

and oneof the sumsis Q theother 2Q. Thus atmostoneof thevaluesv and Q — v

is admissible. -

(iii) If one the P.~vanishes,we have for this valueof i, vP1 = k~Qso that

dividingbothsidesby L1 = ~ Q) weconcludethatq~= Q/L1 divides v. Conversely
if v is amultiple of q~,P~ vanishes.

(iv) It follows thattheadmissiblevaluesof v areobtainedfromthefollowing algo-

rithm. Erasefrom the setof integers1,..., Q — I ,themultiplesof q0, q1, q,,3. If v is

amongtheremainingintegersso is Q — v , since v and Q — v haveoppositeresidues
modulo q1. Fortheremaining v ‘s the P~”~are all positive, and ~, p~ is Q or
2Q whilecorrespondingly~, p(Qv) is 2Q or Q accordingto (3). It thereforefol-

lowsthateither v or Q — v is admissible.Thenumberof multiplesof q1 in therange
(1,Q — 1) is L~— 1 . In this range,sinceQ is the leastcommonmultiple of the q1 ‘s,

nomultipleof q~is a multiple of a q~,j~ i. Thenumberof admissiblev ‘s is therefore

(4)

wherethelast equalityfollows from thedefinition(2-2),proving theproposition. •
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7. Let us returnto the irreduciblealgebraiccurve C givenby ~Q = iF’l+~’o~(1 —

it)”°°~° and for v admissiblelet bedefinedthrough

(5) = ~ —

Notethatif the p,~v) ‘s haveacommonfactorthiscurve C( v) will notbe irreducible.

Let usalso define
dit

(6) W(v)
Y(v)

whereof course V( 1) = v and W( 1) is thedifferential definedabove.

PROPOSITION2. For v admissible

(i) Y( v) is a meromorphicfunctionon theRiemannsurfaceattachedto thecurve

C. Morepreciselya rational functionY(v) of y and it canbedefinedsatisfying(5).

(ii) ThedifferentialW(,,) isholomorphicontheRiemannsurfaceandmapstheupper
half it -plane on thecorrespondingassociatedtriangle.

(iii) Whenv rangesoveradmissiblevalues,the g holomorphicdifferentialsW( v)

arelinearly independent.

Sincethereexistonly g holomorphiclinearly independentdifferentials,thepropo-
sition yields anexplicit construction.Thesimpleproofis asfollows.

(i) Write p,(~ = vP~— r,Q with r
1 a non negativeinteger, p~v) in the range

[I, Q — 2] and ~ ~ = Q. With thesenotationsit is readilyverified that

(6) Y(~) yVitro+l_V(l —

satisfiesequation(5).

(ii) An immediatecalculationshowsthat in the vicinity of it = 0, 1,00 , usingthe
parametersintroducedin (4.7) onehasup to numericalcoefficients

(0) !/( v) ~O W( v) u0~°— du0

Q_p~e)
(7) __-i_—

(1) Y(v) ‘~ u1 ‘ W(v) -..‘ U1 du1
Q*p~) p(~)

( \ ~,0 A

~.00) ~ Uoo ~ U0,, utL~
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Notethatonecannow only saythatL~divides(Q, P~v)~Theaboveformulasshow

thatat anypreimageof thesingularprojections it = 0, 1, co, thedifferential W(u) 1~

regular.Of course

(v)

(iii) It remainsto provelinear independence.Let ~,, standsfor the sumoverad-

missible v ‘s, and assumea linearrelationoftheform

>aVw(V) = 0

with constantcoefficientsnotall of them vanishing.It would follow that

andfrom equation(6) (where r
0 and r1 dependon v) and aftermultiplicationby ~Q

— ~ = 0.

Multiplying by a commonfactor,weobtaina relationof theform

~yQVp(it) = 0

with p,,(z) a polynominalin it, and the positiveexponentof v is smallerthan Q.
Thiswould contradictthe irreducibility of the curve — z

1”~’°~(1 — it)”~~~”0= 0

andprovesthe propositionsinceit is readily seenthat the integralof W(v) mapsthe
upperhalf it-planeon thecorrespondingtriangle y( v) .

8. It is nice to examinean example. Considerthe triangle (113) of genus2 with

anglesir/5 , ir/5 , 3 ir/5 . If one reflectsthis trianglealong thesidesintersectingat the
pointmarkedzero,oneobtainsthestarshownonfigure 1-a. With properidentification

of the freesides,this gives riseto thetriangulateddoubletorus shownon figure 1-b, as
a topologicalmodel. In this case q

0 = q1 = q0,, = Q = 5 andthe correspondingcurve

Cis

(1) 141) = [z(1 —x)]~

The admissiblevaluesof v are 1 and 2 , with T~1) T and y(
2) is thetriangle

{221 } of angles2 ir/5 , 2 ir/5 , ir/5 (thetwo trianglesaresometimescalledRobinson
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triangles).By completingeachof thesetrianglesby a reflectedonein oneofitssides,one

obtainsthemotiveswhich appearin Penrose’stiling of theplane. The secondtriangle

of thesamegenus2 is attachedto thecurve

(2) 11(2) = [z(l —z)]~

birationally equivalentto (1). Bothare birationallyequivalentto thenonsingularcurve

(3)

andpossessan automorphismgroup Z/2Z x Z/5 Z.

To exhibit this equivalencewithout using irrationalities,we rescale1/(1) and 11(2)

(by factors 4 4/5 and 43/5 respectively)sothat oneobtainsthefollowing table

y
2 + X5 = 1

14’) -// \\\ ~= [4it(
2)(1 _it(2))]

2
[4x(,)(l it(l))} Y~2)

1-Y l-Y// it(I)_ ,, it(
2)

Y=1—2it1 // Y=l—2z2
Y(2)X

3

// 4it(
2)(l _it(2))

// it(1) = it(2) 11(1) =
11(2)

= [4it~(l _it(l))] . “142 = [4z(2)(1 _it(2))]

2
— 11(1)

it(2) — it(1) Y(2) — 4 ~1
— X~)

Onecanconsiderthat theRiemannsurfaceof thecurve Y
2 + = 1 is endowed

with a triangulation(by 10 triangles)suchthat, whenembededin its Jacobianvariety
parametizedby theintegralsof W( 1) and W(

2) , eachtriangleisprojectedon aRobinson

triangleon eachcoordinatecomplexplane.If t1 and t2 aretherespectivevariables,it
wouldbeinterestingtodescribethecodeswhichlink thesetwo planestoobtainaPenrose
tiling. By following theclassicalgeodesicmotion in one of thetriangleslifted to the
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Riemannsurfaceonecanalsoobtain informationaboutgeodesics(like theirhomology

class...).

9. In thegeneralcase,let us investigatecertainpeculiarities of associatedtriangles.
A first interestingpossibility is when T and V only differ by a transpositionof two

vertices. Assume T T~1), T’ ~ A necessarycondition is then that for i =

0, 1, 00, and v an admissiblevaluelargerthanone

(I) (v2—1)P~mP
1 modQ

equivalently (v
2 — l)p

1 = k.q,, which meansthat q, divides (v2 — 1). Thisbeing
true for any i, Q the lowestcommonmultiple of the q1 ‘s divides v

2 — 1

(2) (v2 — 1) 0 mod Q.

- Oneof theverticesis commonto T and T’ , let it be P
0 for instance.Then oP0

P0 mod Q, oP1 P~,modQ and vP,,0 P1 mod Q. Any commondivisor of v

and Q would thendivide P0,P1 , P0,, , which is onlypossibleforunity, thus

(3) (Q,v)1.

Furthermoresince (V — l)P~= kQ this impliesthat L~= (Q,P0) > 1 ,since Q
prime to P0 would require that Q divides v — 1 <Q . Thus

(4) L0=(Q,P0)>l.

If theseconditionsaresatisfied, and T andT~ differ by atranspositionofvertices,

the (g — 2) remainingtriangleseitherare in pairs differing by a transpositionof the
correspondingtwo vertices,or elseare isosceleor equilateraltriangles.Forinstancein
genus5 thetriangle {2,5,8} isassociatedto{8,5,2} for v = 4 (v

2—1= 15 = Q)
andto thepair {4, 10,1) and {l, 10,4} for v = 2 and 8 ,butfor v = 5 ((Q, v) =

5) one finds theequilateraltriangle { 1, 1, 1 } <<covered>>tentimes(seebelow).

A simplerexampleisgivenby the triangle {4 , 3, 1 } of genus 2 and Q = 8 . The
associatedtriangleobtainedfor v=3 is {4,l,3}. WehaveP~fixed, L~=4 ,and
02 — 1 = 8 . Thetwo equivalentcurvesare

118 = it4(1 — it)5

(5) 38 4 7 11
11(3) = it (1 — it) 11(3) = z( 1 —

A desingularizedcanonicalform is thecurve

(6) Y2=X(1—X4)
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givenby therelations
2

x=l—X4
z( 1 — it)

(7)
~_it~ it)

11=~
2y, y~3~=x3y.

V

This is thehyperellipticcurveof genustwo with the largestpossibleautomorphism
group of order 48 , a double coveringof the octaedralgroup. The octaedronhasits

verticeson theRiemannsphereof thevariable X atthesix points0, oo,±1,±i ,which

projectin the it variableat 1,00 and 0 (fourtimes).Thedifferential W( 1) and W(
3)

arerespectively ~ and . Thetriangulationin 16 triangles appearsnaturally
asthedoublecoveringof theoneobtainedon the X -Riemann sphereby projectingthe

facesof theoctaedron.
An othercaseof interestcorrespondsto thepossibilitythatassociatedtriangleshave

circularly permutedvertices. Let thesetrianglesbe T~
1~and T~ as bçfore. This

requires

(8) l+v+v2mO modq
1

for eachvalueof i. From oP0 = P1 + k1Q v
2P

0 = P,,,, + k2Q it follows that L0

divides P, and P,,,, which is impossibleunless L~= 1 and similarly L, = L~= 1
Thusall q1 areequalto Q,

(9) li-v+v
2mO- modQ

andthefractionswith denominatorQ areirreducible.Notethat Q mustbeodd. If Q
isprime,thetrianglesarethenassociatedin tripletsand Q isoftheform Q 1 mod 6

Forinstancethetriangle { 1,2 , 4 } of genus3 has Q = 7 andfor theadmissiblevalues
o = 1,2,4 (with 1+2+22 0 mod 7) is associatedto {I,2,4}, {2,4, 1} and

{4, 1,2). Similarly for Q = 13 theassociatesof thegenus6 triangle {1 ,3,9 } are

v1 {1,3,9} v=2 {2,6,5}
(10) 3 {3,9,l} 5 {5,2,6}

9 {9,1,3} 6 {6,5,2}
If howeverQ is not a prime, Q — 1 is not necessarilya multiple of 6 as shown

by theexampleoftheassociatesofthe triangle {1,4, 16) ofgenus 10 with Q = 21.

The admissiblevaluesof v areclassifiedasfollows

v= I {l,4,l6} v= 2 {2,8,ll}
4 {4,l6,l} 8 {8,ll,2}

16 {16,l,4} 11 {l1,2,8}

(11)

v= 3 {3,12,6} v= 7 {7,7,7}
6 {6,3,12}

12 {12,6,3}
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For v = 3,6, 12 , the integers ~ havea commonfactor 3 andup to cyclic

permutationthecorrespondingtriangleis {l , 4 , 2 } of genus 3 (andnot 10 ) discussed
above,while for v = 7 oneobtainsin irreducibletermstheequilateraltriangle { 1, 1, 1 }
of genusone.

This givesanexampleof a correspondencebetweenalgebraiccurvesof genuslarger
or equalto one.In theprecedingexamplestartingfrom theirreduciblecurve

(12) glO y21=it20(1—it)’7

we definethe correspondencededucedfrom equation(7-6) 11(7) = Y 1(7) = X such
that

(13) = it~(1— it)~ ~ =

andweobtaintheelliptic curve

(14) 9=1 Y3 = [X(1 —X)]2

of modularratio 7~= e2~’~13.Thusinsteadof consideringtheRiemannsurfaceof the

curve (12) as ramified above theRiemannsphereof the X = it variable we canalso
think of it asa ramified7-uplecoveringof thetorusgivenby (14).

Thissamecurvecanalsobeinterpretedasa triple coveringof thecurve genus 3

(15) g = 3 y’7 = x’6(1 — X’)3, X = it = 2~
{x(l —it)]

This phenomenonoccursfor Q non primeand for v admissiblewhenthe p~t)~
havea commonfactorwhich lowersthegenus.

Let us alsogive the exampleof the triangle {4 , 4 , 7 } of genus7 , theassociatesof
whichinreducedtermsare{l,l,l3},{1,1,I},{2,2,11},{2,2,1},{1,1,3},

and {7 , 7, 1 }. Oil figure 2 weshow how the correspondingsurfacecanbevisualized
asa 15 studdedstar(associatedto {1, 1, 13) with identificationof sides)or five copies
of a hexagon(associatedto theequilateraltriangle { 1, 1, 1 }) or threecopiesof a 5-

studdedstar (associatedto theRobinsontriangle { 1, 1,3)). Again we haveanalytic
mapsbetweenRiemannsurfacesof differentgenus.J. Lascouxhasdrawnour attention

to a theoremof de Franchisshowingthat for a pair of compactRiemarinsurfacesof
genushigherthatone,suchmapingsarefinite innumber(andin general this numberis
zero). The <<triangular>>curvesdiscussedin this paperoffer a rich zooof examplesto

studysuchmapsandtheir relationsto automorphismgroupsof curves.

10. The curvesassociatedto rationaltrianglespossessstriking algebraicproperties.
TheiruniforniizationinvolvesaFuchsiangrouprelatedto theCoxetergroup generated

by thereflectionsin thesidesofthetriangles.Coxetergroupsof associatedtrianglesare
eitherisomorphicorone is afactorofthe former.Theincorporationof theseproperties

would perhapsallow to getnewinsight intothetheoryof pseudo-integrablesystems.
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